In this paper, we consider the production planning problem for a single manufacturer with the investment to improve the market impact under demand uncertainty. In the mathematical model, the average demand increases if the investment of market impact is increased for each product. The objective is to maximize the total profit with a piecewise linear investment cost and a budget constraint. The problem is formulated as a mixed integer nonlinear programming problem. A solution procedure based on Lagrangian relaxation is developed to solve the problem efficiently. In the proposed method, an analytical solution of the newsboy problem is effectively used to derive the lower and upper bounds. The condition of the concavity of the profit function is derived. The effectiveness of the proposed method is confirmed through computational experiments.
Introduction
In supply chains, manufacturing companies have recognized the importance of market impact. The market impact is the effect of the product demands of various marketing activities such as corporate social responsibility (CSR) or investment for advertising. The advertising is one way of promotional campaign which is used in various companies in order to improve the brand image of their products to customers. The advertising has a positive effect on the consumer's buying behavior. SeyedEsfahani et al. (2011) studied a vertical cooperative advertising along with pricing decisions in a supply chain. In this model, the demand is influenced by both price and advertisement. Zhang et al. (2013) proposed a dynamic cooperative advertising model for a manufacturer-retailer supply chain taking into account the impact of advertising on the reference price. Yue et al. (2006) studied the coordination of cooperative advertisement in a manufacturer-retailer supply chain when the manufacturer offers price deductions to customers. Li et al. (2002) proposed three strategic models for determining equilibrium marketing and investment effort levels for a manufacturer and a retailer in two-members supply chain. In those models, they addressed the impact of brand name investments, local advertising, and sharing policy on cooperative advertising programs. Giri and Sharma (2014) studied a two-echelon supply chain comprising one manufacturer and two competing retailers with advertising cost dependent demand. In their model, two retailers compete with each other in advertising with different sales costs.
CSR is related to human rights and environmental issues to influence product demands by investing in those activities. The CSR activity encourages manufacturing companies to take responsibility for social cooperative actions to enhance a positive impact on environments, stakeholders, consumers, employees, investors, communities, and others. For instance, green procurement is to achieve sustainable supply chains reducing environmental load by trading with less CO2 emissions for suppliers. Fair trade is introduced to preserve the prohibition of child labor, human rights violations and environmental destruction taking responsibilities of social corporations and consumers. These efforts may include investment from manufacturing companies to improve the CSR performance level. If the investment is higher, the higher CSR performance level is achieved and then results in larger market demands. Hsueh (2014) proposed a supply chain planning model that was integrated with the decisions of manufacturers' investments to take CSR activities. They proposed a new revenue sharing contract on supply chain coordination with investment in CSR. Ni and Li (2012) addressed a game-theoretic analysis of CSR decisions in SCM. Ni et al. (2010) also studied the model where suppliers take a quadratic cost function in order to achieve CSR performance level. Franz et al. (2013) studied the model to determine whether the firm's CSR activities are expanded or reduced to maximize its value of profit. Cruz (2008) , (2009), (2013) explored the dynamic evolution of the product flows associated with product prices as well as the levels of CSR activities on the network until an equilibrium is achieved.
Advertising and CSR activity are common in relation to depending on the demand of products. In this paper, we consider the activities such as advertising and CSR to enhance the market impact. The brand image of a manufacturer's product is improved by increasing investment. In conventional planning models with CSR investment decisions, investment cost for risk aversion has not been considered. The variance of profit with respect to investment is often incurred as a risk measure. However, the model becomes too complicated when these risk measures are directly introduced because these costs are usually represented as a quadratic term in the objective function.
In this paper, we consider the production planning problem for a single manufacturer with investment under demand uncertainty. The investment cost is incurred by the piecewise linear function with respect to the amount of investment. We develop a single period production planning model with investment taking account of sales profit, inventory cost, opportunity cost, and production cost with a budget constraint under demand uncertainty. The problem can be reformulated as a mixed integer nonlinear programming problem. To the best of our knowledge, the strategic planning problem with investment decisions with the piecewise liner costs under demand uncertainty has not been studied yet.
The production planning models under demand uncertainty have been studied over many years. Shi et al. (2011) proposed the extension of the newsboy problem to maximize the manufacturer's expected profit under uncertain demand. They solved the problem by using the Lagrangian relaxation method. Petkov and Maranas (1997) proposed the multi-period production planning problem under uncertain demand. The stochastic problem was reformulated into a deterministic equivalent form in order to maximize the expected profit. Zhang and Ma (2009) proposed the production planning problem with quantity discounts for the procurement from suppliers with the piecewise linear purchase cost. Zhang (2010) introduced an analytical model with piecewise linear production costs. An extension of the problem is to consider a price discount in newsboy models, which is a popular policy used by suppliers to promote their products. Aoyama and Nishi (2015) proposed a supply chain planning with CSR investment under uncertain demand. However, there was no proof of the concavity of the profit function and the solution strategies had not been established yet. In this paper, we adopt the model that the average value of the demand is increased in accordance with the amount of investments. Furthermore, a solution procedure based on Lagrangian relaxation is proposed to solve the problem efficiently. The Lagrangian relaxation method is used to obtain a tight lower and upper bound to ensure the optimality of the solution for production planning problems (Nishi et al., 2008) . The analytical solutions derived from the unconstrained newsboy problem are used to generate a feasible solution using heuristics. The computational experiments are conducted for large scale cases with 2-100 products, 2-10 segments of the piecewise linear function. The sensibility analysis is conducted to investigate the impact of the cost parameters on the total profit under demand uncertainty. The main contributions of the paper are summarized as follows.
• A production planning model with the piecewise linear investment costs for multi-products is developed.
• A solution procedure based on Lagrangian relaxation is developed.
• A small duality gap can be obtained for 2-100 products, 2-10 segments by the proposed method even though a general-purpose mixed integer nonlinear programming problem solver requires more than 3600 seconds.
• The condition of the concavity of the profit function is derived. The rest of the paper is organized as follows. Section 2 introduces literature review. Section 3 provides the modeling of production planning with investment under demand uncertainty. Section 4 develops a solution procedure based on Lagrangian relaxation. Section 5 presents computational experiments. Section 6 concludes the paper and states future works.
Literature review
The production planning problem with market impact has been reported recently. Many companies have recognized the significance of marketing activities such as the investment for advertising or CSR activities. There are various production planning with advertisement decisions recently. The advertising is used to provide the brand knowledge of their products to the customers. SeyedEsfahani et al. (2011) studied a vertical cooperative advertising along with pricing decisions in a manufacturer-retailer supply chain. Vertical cooperative advertising is a marketing strategy in which the retailer invests in local advertising and the manufacturer usually shares a part of the retailer's local advertising costs. In their study, demand is influenced by both price and advertisement. They compared four game-theoretic models including Nash, Stackelberg-manufacturer, Stackelberg-retailer and cooperative game. In the latter case, both of the manufacturer and the retailer obtained the highest profit level. Zhang et al. (2013) proposed a dynamic cooperative advertising model for a manufacturer-retailer supply chain taking into account the impact of advertising on the reference price. They analyzed how the reference price effect would influence the decisions of all channel members. It was assumed that both consumer's goodwill and reference price for the product were influenced by the advertising. Furthermore, the advertising level, the consumer's goodwill and the reference price had a positive effect on sales. By introducing game theory, they formulated the optimal decisions of the manufacturer and the retailer in the Stackelberg game and cooperative game. Yue et al. (2006) studied the coordination of cooperative advertisement in a manufacturer-retailer supply chain when the manufacturer offers price deductions to customers. They examined two cases. The one is the case where the manufacturer is a leader. The other is one where the manufacturer and retailer are partners. In addition, they proposed a two-step bargaining model that described how to share the profit based on bargaining powers. Furthermore, it determines the manufacturer's share of local advertisement and the associated price level. Li et al. (2002) developed three strategic models for determining the equilibrium marketing and investment effort levels for a manufacturer-retailer supply chain. They addressed the impact of brand name investments, local advertising, and sharing policy on co-op advertising programs. The first model provided a formal normative approach for analyzing the traditional cooperative advertising program where the manufacturer is a leader. By the second model, a further analysis on the manufacturer-dominated relationship was obtained. The third model introduced the recent market trend of retailing power shifts from manufacturers to retailers. Giri and Sharma (2014) studied a two-echelon supply chain comprising one manufacturer and two competing retailers with advertising cost dependent demand. The two retailers compete with each other in advertising and they have different sales costs. The manufacturer uses one of the two pricing models. One is the model where the manufacturer sets the same wholesale price for both of the retailers irrespective of the difference in their sales costs. The other is the model where the manufacturer sets different wholesale prices to the retailers depending on their costs. In both of the models, they derived the retailers' and manufacturer's optimal strategies. In order to examine the theoretical results developed in each model, a numerical experiment was conducted. From the above literature, various pricing models with the advertising were studied. However, the production planning problem with investment for advertising has not been studied.
Planning with CSR is also becoming increasingly popular. Many companies choose to have more responsibilities to increase the brand image of the company. Recent studies focus on contracts of supply chain coordination with CSR. Hsueh (2014) has addressed that the CSR cost is only incurred to the manufacturer, and the CSR performance level is characterized by a performance function g(x) (0 ≤ g(x) ≤ 1) where x is the amount of investment. In general, higher CSR performance function level requires higher CSR cost, but it can cause a greater market demand. Therefore, the market demand is assumed to follow a normal distribution (µ 0 + ag(x), σ 2 ) where µ 0 is the mean of the distribution when no CSR activities are adopted. The parameter a is a positive constant indicating the maximum increase of the mean due to CSR performance. Hsueh and Chang (2008) have also explored the equilibrium results of a decentralized supply chain network. The benefits of CSR can be obtained in the decentralized supply chain as well as centralized one. In other words, applying CSR to a decentralized supply chain network can increase the profits of the entire supply chain in an equilibrium. Franz et al. (2013) has investigated how companies should create plan corporate social responsibility. The dynamic analysis started with a company's intertemporal optimization problem is conducted, and then proceeded to analyze interactions with other companies. The aim was to develop a framework that can explain the variance of CSR activities, where at the same time the question of whether these activities are sustainable, was addressed. As an example, they stated that the CSR projects are: environmental reports, philanthropically supports and sponsoring, energy and environmental management, mentoring and educational programs for workers, family friendly workplaces and alike. Further examples are higher wages, improvements of working conditions and a switch to local sourcing. Ni et al. (2010) indicated that the key issues were to determine who should be allocated as the responsibility holders with the right of offering the contract and how this right should be appropriately restricted. Game-theoretical analyses are conducted on six games resulting from different interaction schemes between the supplier and the company to derive their corresponding equilibriums. Comparative institutional analyses are then examined to determine the optimal social responsibility allocation based on both economic and CSR performance criteria. The main results were provided in a series of propositions and their implications to the real-world business practice. Furthermore, Cruz (2008 Cruz ( ), (2009 Cruz ( ), (2010 has developed a dynamic framework for the modeling and analysis of supply chain networks with corporate social responsibility through an integrated environmental decision-making. Through a multilevel supply chain network, they represent the multi-criteria decision-making behavior of the various decision-makers (manufacturers, retailers, and consumers) which includes the maximization of profit, the minimization of emission (waste), and the minimization of risk. They explored the dynamic evolution of the product flows, the associated product prices, as well as the levels of social responsibility activities on the network until an equilibrium is achieved.
In the conventional studies, CSR activities are performed to improve for the environment, employee welfare, stakeholder and voluntariness. It has been made an assumption that CSR activities influence to manufacturers' production cost, wholesale price and social benefit. However, in these studies, the risk aversion for investment has not been addressed. In this paper, we consider the production planning with the investment in advertising and CSR activities under uncertain demand in order to highlight corporate brand. We assume that demand for each product becomes larger when investment level is higher. Also, we consider the piecewise linear investment cost with a budget constraint to represent a wide range of risk aversion for investment in the production planning models.
Modeling production planning with market impact

Problem Definition
The outline of the production planning with market impact is shown in Fig. 1 . In this model, a single manufacturer who produces multiple products makes a decision of annual strategic production planning. A single manufacturer creates the production planning with investment to improve the market impact such as advertising, environmental preservation, training employees and compliance. As a result, the manufacturer can improve the brand power by these activities. For example, if the investment of the manufacturer in its advertising campaign is large, customers make better impression for the manufacturer and products. Then, the demand of each product becomes larger. However, the advertising is different from the CSR activities in that the manufacturer improves its publicity for each product in the advertising activity. On the other hand, the CSR activities influence its brand power. Hsueh (2014) regarded CSR activities as investment to customers. He modeled the planning problem for a single product. However, the investment for the advertising is often considered for multiple products. In the proposed model, let µ i represent the average of the demand for product i, and let σ 2 i represent the variance of demands for product i. The manufacturer invests to the market impact for each product. Then, customers get a better impression of the manufacturer and the average of demand for a product increases as the investment amount increases. The average of the uncertain demand µ ′ i on the amount of investment µ
) is a non-decreasing function with respect to x i . Generally, effects of market impact gradually decrease when the investment amount is higher. We set a general equation g(x i ) = ax m i (0 ≤ m ≤ 1) in order to represent the function where the increasing rate of average demand is decreased when investment x i is increased. Based on the demand, the investment amount x i and the production quantity y i are determined to maximize the total profit. 
Assumptions
Aoyama, Nishi and Zhang, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) • Annual production planning problem is considered. Therefore, the planning horizon is one.
• The probability distribution of uncertain demand follows the normal distribution.
• The demand of each item is uncertain, but the average and the probability density function are known.
• Each investment is independent of each other.
• The manufacturer invests for the market impact of each product.
• The manufacturer has enough raw materials to produce a product.
• Products are transported to customers directly. Advertising and CSR activity are different in investment timing. Advertising is considered in the short term, whereas CSR activity is considered for the long term. Conventional works on advertising are classified into single period models (SeyedEsfahani et al., 2011; Zhang et al., 2014) and multi-period models (Zhang et al. 2013) . Although advertising is considered in the short term, static models with single period models have been studied in many studies (SeyedEsfahani et al., 2011; Zhang et al. 2014) . Therefore, we only focus on a single period production planning model with market impact of advertising or CSR activities. Also, we consider the planning under uncertain demand. The originality is to not only introduce the piecewise linear investment costs but also to consider investment for the multi-products. The investment for a single product is conducted in conventional studies. In the advertising, the investment for the each product is often conducted. In this model, for simplification, there are enough raw materials and products are transported to customers directly. The objective function is the total profit including sales revenue, shortage penalties, overstocking costs, production costs, and the risk of investment. The following notations are used in the formulation. We consider the budget constraint which limits the total amount of investment for each product. In the model, the manufacturer wants to invest to increase its profit. However, in practice, there is the risk of investment. The variance of profitability of investment x i is often used as a risk measure which is expressed by
T is the portfolio and S is the variancecovariance matrix. x i is the investment ratio of product i. The problem becomes more complicated if the quadratic term is included. We introduce the piecewise linear investment cost and the investment segment for each product. We assume that there is the investment cost in each segment. Hsueh (2014) addressed the production planning problem with CSR investment for a single product. However, in general, the manufacturer produces multiple products. The investment for multiple products is important in the production planning problem. Also, in general, the risk of investment always occurs if the investment is conducted. Therefore, it is important to consider the production planning with the risk of investment when the investment to market is considered.
Problem Formulation Indices
i = 1, ..., n : index of products, where n is the total number of products j = 1, ..., k i : index of investment segment j for product i k i : the number of investment segments for product i
Decision variables
x i : amount of investment for product i x i j : amount of investment for product i at segment j y i : production quantity of product i w i j : binary variable that takes 1 if product i is invested at segment j, and 0 otherwise. Parameters α i : unit shortage penalty of product i β i : unit overstocking cost of product i c i j : unit investment cost of product i on segment j e i : unit production cost of product i r i : unit sales revenue of product i H : upper limit of the total amount of investment h U i j : upper bound of the investment quantity of product i on segment j h L i j : lower bound of the investment quantity of product i on segment j z i : random variable of demand of product i f (z i ) : probability density function followed by the demand of product i Aoyama, Nishi and Zhang, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) F(z i ) : cumulative distribution followed by the demand of product i µ i : average of the demand of product i σ i : variance of the demand of product i
We have the following investment relationships h
, for all i, and c i, j−1 < c i, j , for all i, and j = 2, ..., k i . Fig. 2 shows an example of the piecewise linear investment cost corresponding the investment amount.
Investment cost Investment amount
Fig. 2 Example of the piecewise linear investment cost
We assume that the average of the uncertain demand µ
The original problem (P) can be formulated as follows.
The first term represents the expected revenue when the production quantity of product i is greater than the actual market demand. The second term is the expected revenue when the actual demand is larger than the production quantity. The third term is the overstocking cost. The fourth term is the shortage penalty. The fifth term is the production cost. The last term is the piecewise linear investment cost. α i is the unit shortage penalty of product i, β i is the unit overstocking cost of product i, e i is the unit production cost of product i, and c i j is the unit investment cost of product i on investment segment j.
Constraint (2) is the upper limit of the total amount of investment. Constraints (3) and (4) ensure that the amount of investment is placed at each interval of the segment. Constraints (5) and (6) ensure that only one investment segment is eventually selected to the investment amount. Constraints (7) imply the non-negativity of each decision variable. Constraints (8) ensure that each variable is a binary variable. Constraints (9) represent that the demand of product i follows the normal distribution
) represents the average of the uncertain demand of product i. The problem is formulated as a mixed integer nonlinear programming problem which is difficult to be solved by commercial-solvers.
Stochastic formulation
The objective function is the expected value due to the demand uncertainty. However, it is difficult to solve the problem by general-purpose solvers if the demand follows the normal distribution. Therefore, the total revenue of (1), the total overstocking cost of the third term of (1) and the total shortage penalty of the fourth term of (1) are required to be reformulated. Petkov and Maranas (1997) addressed the normalization technique of the expectation of the costs under demand uncertainty. In their model, the objective function of the production planning problem under demand uncertainty is reformulated by the normalization of the probability distribution. By applying the normalization technique to our formulation, the expected values of the sales profits, the overstocking costs and the total shortage penalties are reformulated as the following equations. These reformulations are shown in Appendix A. The reformulation can also found in , .
In these equations, f (z i ) is the probability density function and F(z i ) is the cumulative distribution. The objective function is reformulated as follows:
The average of the uncertain demand µ ′ i depends on the amount of investment µ
) is a nondecreasing function with respect to x i .
Then, we can reformulate (13).
Equation (15) shows that the objective function can be represented as an additive expression for each product.
Lagrangian relaxation approach
It is difficult to find an optimal solution by commercial solvers if the scale of the original problem is large. The Lagrangian relaxation is applied to obtain a better upper and lower bound effectively.
Lagrangian relaxation
The investment constraint (2) is relaxed by introducing Lagrange multiplier λ to construct the following Lagrangian relaxation problem (LR).
The Lagrangian relaxation problem (LR) is decomposed into n sub-problems of maximizing the function L i for each product i.
Solution of sub-problems
The sub-problem to maximize L i is formulated as (LP i ) as follows.
The constraints (20) ensure that for each product i, only one of x i j is nonzero. If w i j = 1, the segment j is applied, then x i = x i j . Then, in order to solve (LP i ) effectively, the solution of sub-problems for each segment (LP i j ) is solved firstly. The subproblem for each segment (LP i j ) is formulated by relaxing the constraints (20) and replacing x i with x i j . The sub-problem associated with the segment j for product i is as follows.
Let x + i j be the optimal solution for the sub-problem (LP i j ), then the maximum objective function value of the subproblem (LP i ) is
The maximum value of (LP i j ) for j = 1, . . . , k i is adopted as the solution of (LP i ). The sub-problem (LP i j ) is a classical newsboy model with the lower and upper bounds to the investment amount. To solve the problem, we first ignore the bounds of variable x i j . Then the optimal solution (x * i j , y * i ) to the unconstrained problem should satisfy the following equations where
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Proposition 1 The objective function L i j is concave if and only if 0 < m < 1, and (r
Proof We define D as a Hessian matrix and D n as a principal minor. We assume g(x i j ) = ax m i j (n is a natural number). Then it can say the following:
Firstly, we derive D 1 as follows.
where, P = r i + α i + β i . We assume that G 1 (
> 0, we examine the plus or minus sign of G 1 .
In order to satisfy that G 1 < 0, we need to assume that 0 < m < 1. This is because that PF(
Next, we derive D 2 as follows.
Because PF(X i j ) > α i , D 2 > 0. Therefore, if 0 < m < 1 is satisfied, then the objective function L i j is concave. The solution of the unconstrained newsboy problem may not satisfy the bounds. If the solution of the unconstrained problem satisfies the bounds, it is optimal for the sub-problem (LP i j ). Otherwise, the solution of the sub-problem (LP i j ) is one of the bounds as proposed in the following Proposition 2.
Proposition 2 Let x
+ i j and x * i j be the optimal solutions of sub-problem (LP i j ) with and without bound constraints (25), respectively. x * i j is evaluated as (27) and (28) 
Proof (i) The statement holds straightforwardly.
(ii) Assume that L i j is concave. It follows that the function is monotonic increasing for
(iii) Similar to (ii), the function is monotonic decreasing for
Proposition 2 provides an algorithm to solve the optimization problem (LP i j ). We can find the optimal solution of (LP i ) by solving all (LP i j ). According to Proposition 2, we design the following Algorithm 1 to solve the sub-problem (LP i ).
Algorithm 1. Algorithm to solve sub-problems (LP i )
Step 1 Let j = 1.
Step 2 Use (27) and (28) to evaluate the optimal investment amount x * i j of the unconstrained sub-problem (LP i j ).
Step 3 Step 5 Compare the objective function values of all solutions and choose the best one as the solution of the problem (LP i ), i.e.,
, and
Heuristics to construct a feasible solution
The final solution obtained by Algorithm 1 may not be feasible in most cases violating the total quantity of investment amount. We provide a heuristic to construct a feasible solution to obtain a lower bound from the last Lagrangian dual solutions because the original problem is the maximization problem. On the other hand, some feasible solutions are generated during the solving process. To find a better solution, we present a heuristic to improve the feasible solution. The basic idea is to use the marginal expected net benefit per unit capacity (MENBUC) allocated to each product item (Zhang, 2010) . If the total amount of the investment is not reached to the upper limit, we can have more benefit by investing the rest amount to the products having more MENBUC. This is because the solution of (LP i ) can be closer to the optimal solution x * i . According to (15), we can obtain the expected benefit for each product J i .
By differentiating (33) with respect to variable x i , we can obtain the MENBUC for each product i.
where c i (x i ) is the unit investment cost associated with the investment amount x i . If the total quantity of investment is greater than the upper limit, a feasible solution cannot be obtained. In that case, we choose the product according to the increasing order of MENBUC. In other words, the product with less profitable is chosen until feasible solutions are obtained. Algorithm 2. Steps for constructing a feasible solution: Starting from the final solution of Lagrangian dual approach, if it is infeasible, we construct a feasible solution to obtain a lower bound as follows:
Step 1 Compute MENBUC for each product i.
Step 2 Sort the MENBUCs in an increasing order.
Step 3 Choose the product according to the order, and reduce the investment level as follows:
i j ] until the upper limit is satisfied. J(x i ) provides the tight lower bound of the original problem.
Step 4 Update the solution. If the total quantity of investment does not reach to the upper limit, a better solution may be obtained. In that case, we choose the product according to the decreasing order of MENBUC. In other words, the product with more profitable is chosen until solutions satisfy the constraints. Algorithm 3 as follows:
Algorithm 3. Steps for improving solution: Starting from the current feasible solution, if the investment constraint is not tight, we improve the solution as follows:
Step 2 Sort the MENBUCs in a decreasing order.
Step 3 Choose the product according to the order, and increase the investment level as follows:
until the upper limit of investment is tight. J(x i ) provides the tight lower bound of the original problem.
Step 4 Update the solution. In Step 4, the updated solution is compared with the current optimal solution of the subproblem. Then, x i is replaced with a better solution of the two solutions.
Aoyama, Nishi and Zhang, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.2 (2017) 
Solution of Lagrangian dual problem
The dual problem (DP) of the original problem (P) is as follows.
(DP) min
After the Lagrangian relaxation problem is solved at each iteration, Lagrangian multiplier λ is updated in order to find the optimal value of λ. We update it to solve the Lagrangian dual problem (DP). The subgradient search updates the Lagrangian multiplier by λ t+1 = max(λ t − sd, 0) where the subgradient d and step size s are as follows.
where U B and LB are the updated upper and lower bounds at the current iteration, respectively, and θ is the step-size parameter.
The overall algorithm of the Lagrangian relaxation approach is described in the Algorithm 4. Algorithm 4. The Lagrangian relaxation algorithm is as follows.
Step 1 Set an initial Lagrangian multiplier λ 0 , and the number of iterations t = 0.
Step 2 Set the Lagrangian relaxation problem.
Step 3 Solve the relaxed sub-problems, for i = 1, ..., n and obtain the solution x * i , i = 1, . . . , n by Algorithm 1.
Step 4 Evaluate the value of the upper bound in (16).
Step 5 Generate a feasible solution from the relaxed solution and evaluate the value of the lower bound by Algorithm 2 or Algorithm 3.
Step 6 Update Lagrangian multiplier λ t+1 = max(λ t − sd, 0) by using the subgradient method in (37) and (38).
Step 7 Check the condition of convergence: if the condition is satisfied, the algorithm is finished. Otherwise, t = t + 1 and go to Step 2.
In the Algorithm 4, the condition of convergence in Step 7 is that the difference of UB and LB is less than 1.0 or the number of iterations reaches to a maximum number of iterations. We use the maximum number of iterations as 1000 in the computational experiments.
Computational experiments
In this section, computational experiments are conducted in order to evaluate the performance of our Lagrangian relaxation approach. The original problem is coded by the mixed-integer nonlinear programming problem (MINLP). On the other hand, the sub-problem is a nonlinear programming problem (NLP). The optimal solutions of the subproblems can be obtained from the solution of (NLP). Then, the approximate solutions can be obtained from the solutions of the subproblems and heuristics. We assume that g(x i ) = √ x i as an example. The experiments are performed by Intel(R) Core(TM) i7-2700 CPU 3.50GHz. The program is coded by the General Algebraic Modeling System (GAMS) Version 23.7. Both problems are solved by a commercial solver with LINDOGLOBAL. In order to compute an integral function, we utilize the error function which describes an integral of the standard normal distribution. The average of the demand µ i is 15, the variance σ 2 i is 2. Table 1 shows the upper limit of investment. Table 2 shows the parameters of 10 types of products. Table 1 The upper limit of the total amount of investment H The number of product i 2 5 10 100 H 15000 25000 50000 50000 Tables 3-6 show the upper and lower bound of the investment amount of product i on segment j. Tables 7 and 8 show the unit investment cost of product i on segment j. We assume that the unit investment cost is larger when the amount of investment is larger. Fig. 3 shows the transitions of the value of the upper bound (UB) and the lower bound (LB) in the case with n = 10, k i = 2. It shows that the upper bound and lower bound values for the proposed method gradually approach each other. Table 9 shows the results of the investment amount, the production quantity, the sales revenue, the overstocking cost, the shortage penalty, the production cost, and the investment cost. Table 10 shows that comparison of UB, LB, computational time, and the duality gap for the proposed method and the MINLP (LINDOGLOBAL) when the number of products and investment segments are changed. Here, MINLP represents the case in which the original problem is solved directly by a general-purpose solver LINDOGLOBAL. In Table 10 , the value in ( ) shows (the number of products, the number of investment segments). Also, if the computational time is reached 3600 seconds, the computation is finished. (3600) in time means that the computation time is reached in 3600 seconds and the tentative solution is obtained. The number in the left-hand side of (3600) is the computational time when the maximum lower bound is obtained. From the results, the computation time for MINLP increases and the accurate lower bound cannot be obtained when the number of products increased. On the other hand, the computation time for the proposed method is not much increased and the lower bound is significantly better than that of MINLP when the number of products increased. Furthermore, in the proposed method, the computation time is not increased and the lower bound is better even when the number of investment segments is increased. The value of the upper bound cannot be obtained by MINLP due to the shortage of computation time of 3600 seconds. Therefore, we can confirm that the proposed method is more effective than the MINLP when the problem scale is large. Table 11 shows the computational experiments for different number of segments. From the results, when the number of investment segments is large, the duality gap of LB and UB is 0 but the LB becomes lower. This is because the investment cost is larger when the number of invest segments is increased.
Sensitivity analysis
In this section, computational experiments are conducted to illustrate the characteristics of the proposed model. We focus on the decisions of the manufacturer to observe how the decisions influence manufacturing planning in the model. In order to analyze the impact of parameters, we report the experiments to illustrate how each cost influences investment, production and profits in the model.
Six tests in the case with n = 2, k i = 5 are used to analyze the impact of unit revenue r i , shortage penalty α i , overstocking cost β i , mean of demand µ i , deviation of demand σ i , respectively. For each test, only one parameter is changed while other parameters are fixed. There are four cases where we adjust one parameter four times in one test. We consider two types of finished products for the experiments. However, we only change one parameter once for one type of products for each case. For example, in Test 1, we change the unit revenue r i , once for each case. The results of the sensitivity analysis are presented in Table 12 . From the results of Table 12 , we can observe that the profit increases once unit one type of sales revenue is increased. In Cases 3, 4 of Test 1, the production quantity of product 2 increases. The total profit is increased with the increase of sales revenue. Test 2 and Test 3 are conducted to illustrate the impact of uncertain demand on planning decisions, while the manufacturer may encounter shortage or overstocking.
From Test 2, it implies that the production quantity is increased if the manufacturer increases the shortage penalties of one type of products. The increase of overstocking costs ensures that the production quantity always decreases in Test 3. From Test 2 and Test 3, with the increase of the shortage penalties and overstocking costs, the total profit is decreased. We also analyze the influences of uncertainty in Test 4 and Test 5. We can notice that the production quantity is increased and the total profit is increased if the mean value of demand is increased in Test 4. However, Test 5 shows that with the increase of deviation of demand, the overstocking costs and the shortage penalties are increased and the revenue is decreased. Therefore, the total profit decreases with the increase of deviation of demand. In Test 6, Cases 1-3 show that if the upper limit of the total quantity of investment is decreased, the investment amount is decreased. However, Cases 1,4 show that the amount of investment is not always increased if the upper limit of the total quantity of investment is increased. This is because if the amount of investment is increased, the more investment cost is required. Therefore, the total profit is decreased when the upper limit of the total amount of investment. From the above results, we can conclude that the manufacturer should design the production planning in order to increase profits based on the result of computational experiments according to different strategies of decisions. 
Value of objecƟve funcƟon[-]
Number of iteraƟons [-] lower bound upper bound Fig. 3 Transitions of the value of UB and LB Table 9 Results of decision variables in the case with n = 10, k i = 2 
Conclusion
In this paper, we have developed a production planning model for a single manufacturer with market impact under uncertain demand. The problem is formulated as a mixed nonlinear integer programming model. A solution procedure based on Lagrangian relaxation has been proposed. In the proposed approach, near-optimal solutions are obtained efficiently by utilizing the analytical solution of the newsboy problem. From computational experiments, it has been shown that the proposed approach can derive a near-optimal solution for large scale problems with 100 products with small duality gap with less computational effort than the general-purpose solver. The effectiveness of the proposed method is confirmed. In the future work, we will develop the algorithm to apply the more practical model such as multi-period planning model in order to obtain a more precise value of the lower bound reducing the computational efforts. Furthermore, we need to analyze many types of cases which market impact is considered as an investment.
AppendixA. Stochastic formulations
The stochastic model assumes that the demand fluctuate. Then, the production quantity y i is the minimum between z i and y i : 
where f (z i ) is the probability density function followed by the demand z i . From (A.5) and (A.6), we can reformulate the expected revenue E[RE i ]:
The expectation of shortage penalty:
The expectation of overstocking cost: .8) 
